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' The Vector Potential and Motion of Charged Particles i n  Axiaymmet3ic 

Magnetic Fields\ 

Abstract 

Using the conventional expansion o f  a scalar magnetic potential (such 

as the  earth's) an expmsZbn of the vector potential i s  obtained.This 

expansion i s  used for w h i n g  the motion of charged particles in 

axisymmetric magnetic f'ields,with special attention to such fields that do 

not deviate far f'rm a dipole.The results are compared to those of Quenby 

and Webber.pYnaUy,the relation between St6rmer's f i r s t  integral and the 

third adiabatic invariant is traced. 6 h - l - t O P  
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The Vector Potential 

A curl-free magnetic field , such as that of the earth , is generally 

aaqwerred by MOU of e roalar pohntial V 

- B m - e a d V  (1) 

Since V is hannonic,it is conveniently expanded i n  spherical harmOIIj.C8 

If the scalar potential  is given as i n  (2) , 9 may be found i n  the follaJing 

way.R.rgt of all,to reduce the arbitrariness &i the ahoice of the coulomb 

gauge condition is added 

d i v &  = 0 (4) 

- A is  then defined within the gradient of an arbitrary harmonic function and 

sa t i s f i e s  

Now it may be shown (Backus 1958) that any solenoidal vector may be 

expressed by means of two scalars , 9, and !t!% a in the form 

- A - cur l  \y,f + Curl C u r l  9,; 

and the folluwing ident i ty  holds 

cu r l  curl yyy '5 grad %( rCr) - rv'y (7) 

I n  partioular,if ( 5 )  is also satisfied, 9, and Y!% nay botb be chosen t o  be 

harmonic ( Smyke,1$60 f 8 7.04 ) . Naw if' y i e  a hmnon3.o -tion, 
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T3 ( 3! r)/Qr is  one too and it i s  evident fkom (7)  that then adds to 

I A only the wadien% of a harmonic function end contiribUtes nothing to 2 , 

i 

Axial Symmetq 

From now on,oxily the case in which the field is  d a l l y  synrmefiric,i.e, 

does not depend on 'P , w i l l -  be considered.For the ~ e , h ~ e v e r , ~  Wil l  not 

be restricted to be curl fkee.Then 

= 8  

the index 'Q w i l l  be dropped *an A* a for .' . i : the veoter potential 

of force in any meridional p h m  is then 



or 

A 7 sL+ I a~ -+, (13) 

This WuatdOn has been obtained,from a somewhat different approach,by 

RW ( 1963 ; bottom of  p.9 . If the piold is ala0 ourfrfkee,by (8) 

bopping the index n i n  (10) and using Legendre polynomials Pn(8.) gives 

which upon substitution in (3.3) gives the relation between r and 8- on 

a l i ne  of force. 
4 

Motion of a Bharged Partic& 

rest 
Consider a particle t ;T47;~w.  I:I(,) charge q and velocity & moving 

. 6  

in an -symmetric f i e ld2  bs Lq,r;::.i.t~.,ian w i l l  be (MKS) 

Due to  symmetry ,Y is  a c p l i c  coordinate.Denoting 
3 

m - q, ( l - v 2 / ~ * )  
the foUasing first integral is  obtained 
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% S A  r s in+ - P  cos UJ 

This equation is  a generalization of stijmerte (1955) treatment of *e dipole 

f%old.It  wa8 wed by R.amUr (3.993) in or ik ruhUng effeotr  o f ~ r b i g  ourrent 

around the earth and also by LGt and schliiter (1957) who derived it directly 

a 

fkom the equation o f  motion. 

Let now ( l l c )  be assumed,so a a t  A y  becomes A . Then (17) gives 

If the par t ic le 's  energy is Law enough for the guiding-center a p p r d t i o n  

t o  hold, cosd will oscillate rapidly around z;ero and the pa r t i c l e t s  o r b i t  

i n  the 

force  

( V, 4.) plane wi3.L a.l.terna%e between the  two sides of the l i n e  of 

.t . I f - n l  A r silt 6. --- r ' / q  \A7 J 

This may be regarded as Xie par t ic le ' s  guiding Une of force ( for a 

similar approach,see Ray 119631 ).One notes that i n  (17) , Icost3I is  always  - i n  a near-dipo e field - 
less *an unity while q Av-/ P ) may be made as large as one wants by 

going t o  l o w  enough momenta.Thus a t  low momenta 

m u s t  be the differerne between two much larger tenas and the partAcle does 

not s t r a y  far'from the linecof-force of  (19) 

the lef't hand side .- of (17) 

h 
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I n  addition to (17) , 'l'roi.nnn (1953) also derived a method of calculating 

t cut-off momenta ( i n  the cosdc-ray sense,i.e. a c r i b d o n  fo r  finding when 

orbits are completely trapped by the field.) applicable t o  f ie lds  which do not 

deviate t o  far from a dipole fieldowhen this is used,the following results m e  

obtained,bsswdng no external f le ld  sources ( %= 0 ) denoting the dipole 

moment by M and defining the S t h n e r  unit of length 

it is found that for given P ( and consequent Ro ) only frapped orbits &st 

when 

The vert ical  cut-off momentum f o r  orbits reaching the sphere r = R  at 

colatitude 8- is then 

Comparison with the Quenby - Webber theory 

One may compare these results t o  those obtained by Quenby andwebber 

(1959) who wed Treiman% method to  obtain geomagnetia auboff momenta but 
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as applied t o  non-&.symmetric fields,wiU not be discussed and the 

comparison w i l l  be restricted,of necessity,to symmetrical fields.For 

the vicinity of the equatorial plane Quenby and Webber assumed a vector 

potential  i n  the Y direction and approximated its magnitude A,Modifying 

s l ight ly  the expression given f o r  it by Webber ( 1963 8 eq.9 

changing the notation t o  that used here 

and 

'3 s i n +  
Rn+2 

n 
A =  ?*, 4. d , " * 1  /r 

r n.2 

Here ABn( 4.) is the value,at r x R , of the horisonthal component of 

that  part of 

gives the vector potential due t o  the main dipole and will not be further 

consideredollhe value of ABn may be derived from the 

the scalar potential V which is assumed t0 have no eXternd. sources 

which f u  off as r++2) . me first tern i n  the expression 

n-th component of 

Equation (22) thus becomes 

sin+ d4. 
a M+- sin& 

A r &+-A- 

T n i s  di f fe rs  from (3.4) only by the factor s i n +  which,in the vicinity 

of the equatorial plane,is close t o  unity.Equation (2Ob) also be 

r d t t e n  : 

.. . . . .  . . . .  .... . .  . .  * . .  * 
\ . * a .  . i. : . U ' .  L . , a b '  .. , . j ..a e ,  

. . . . . . .  b .  . . .  . . .  . L  , . . a .  * .  . , :  &.A* . * -  ::. 1 ' .  . . . . . . . .  . .  . .  . . . . . . . .  
I 

. t .  
* r  . . . . . . . . .  

A 
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Webber (1963) obtains a similar equation (loc,cit , ,eq,l l)  but w i t h o u t  

the factor (R/Ro)nml.These discrepancies suggest that the  theory o f  

Quenby and Webber may need modiflcation.The expression for cut-off momenta 

given by that theory differs::in its general form from (21) and w i l l  not be 

compared. 
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Adiabatic Invariance 
axisyxmtric 

Lagrange's equations and therefore eq. (16) still hold when theAmagnctic 

f i e l d  i s  time dependent,even though energy is no longer conserved on account 

Of t h e  induoed elwkrio PleXd.The eane argument leading t o  the  neglmt of 

COS J 

term of (16) i s  much l a r g a  .: '-i L'' -;hv Xrst,NeglectSng the first term 

~ompletely gives 

i n  (17) for  low rnormti then shows that,for low momenta,the second 

(24) c3L p,= Y 2 q A, r s i n 6  Z const, 

Equation (24) shows,in a t i m e  dependent axisyrmnetric field,how low energy 
3'4 

\ 
\ 

particles shift from one magnetic shell to another L the line-of-force '\ 
\ 

parameter OG of eq.(l3) is then conserved~l'his result may be generaliaed as \ 

follows 0 

\ 

Suppose the axisymmetric f'isld undergoes a perturbation which is now not 

only time dependent but also asymmetrical.Equation (16) and i ts  l w  energy 

limit (24) then no longer hold,However,since the motion of trapped particles 

i n  the unperturbed field may be regarded as periodic i n  the coordinate 'P 

( a t  l ea s t  for  reentrant orbits),the action integral  
an 

J v  = +v 4'4 

i s  adiabatically conserved ( compare Landau & Lifshitz 119511 ,p$b ),where 

p v  

momenta by (PL).The element of arc length is 

is  a component of the canonical momentum and may be approldnated for  law 

d l  L - dq + iau*c)c$ - + & fS-+ CAY 
so that 

3, = 74 A_@ 
with t h e  integral  extending over one rotation of \p .By Stokes' theorem 
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attached.Thus one obtains the f lux  invariant , or third adiabatic invariant 

(Northrop and ~euer,1960)  as a generaJisation of  S t b n e r 8 s  integral : in 

a perturbed axisynrmetrio field,the magnetdo flux through a magnetfc she l l  

IS odiabaWuCl,ly oonaerved. 

I I 



" 10 - 

Appendix 

Treiman's approach was the following.By (17),for any given '6 and v 

the  accessible region i n  the ( 7,4) plane is bounded by lines where 

o o i ~  oquale 1 or (-1) b of them (in i y o l d r  no$ daviatdng m w h  *om B 

dipole) the former 

determine whether trapping (ti:::~zrs.Regarding f as a parameter a Treiman 

(1953) showed that trapping ;,a;% st3r't;s when,in the equatorial plane,eq.( 25) 

acquires a double root for  r.%n rkear-dipole f ie lds  without external sources, 

this occurs when,for sin*-, 1 
0.c 

- S O  
Q Y  

( when external sources e x i s t  t h i s  may not hold [Ray,1956 ).For purposes of 

calculation it is useful here t o  split A in to  two parts A1 giving the 

dipole f i e ld  and A2 (small by comparison) the higher temsJf M is the 

dipole moment 

(26) M ,u0 sin* 
' 2  r 

A 1  s 

Putting w/a and neglecting all external sources,eq.(25) becomes 

I' . 



. 
N R1 E Ro = ( q M ,%/P )$ 

Ro is the well-known St6mer un i t  of 1ength.Let now 

R1 Ro ( 1  + S )  
collecting all first-order terms i n  (25) gives 

ihwever,substituting (30) i n  (27) shows t h a t  t o  the flrst order of: 
denoted 6. 

approximation the cri t ical  X M d  on b . 

It does,however,depend on the momentum P ( assume for  simplicity all particles 

are identical,e.g.protons) both directly and through Ro , and represents the 

l i m i t  of complete trapping for t h i s  momentum.Suppose naw that such marginally 

trapped particles hit the earth ( r = R ) vertically ( cosd*O ) a t  colatitude 

4. j they then represent the ver t ical  cut-off momentum Pc a t  tihat Coiatitude 

a d  by (17) 

= q r P s in& [*-iL+ s i n &  g n ]  d4. (33) 
n 2  

Neglecting nondipole components,one obtains from (32) and (33) as a first 

approximation 

R / R ~  6 sin2+ (34) 

This approximation is inserted in to  the correction terms of (32j,(jjj,giving 
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